Abstract-In recent decades, several mathematical models describing the pacemaker activity of the rabbit sinoatrial node have been developed. We observe that membrane voltage and membrane charge are treated as independent dynamic variables in some of those models, resulting in an infinite number of limit cycles. Then we display numerical results from a new model where membrane voltage ( ) is not a dynamic variable, and observe a limit cycle oscillation that can be reached from many different initial conditions.
I. INTRODUCTION
In elementary electrostatics, it is well known that the relation between the voltage and the charge of a capacitor is q = Cv (1) where v is voltage, C capacitance and q charge. Differentiating this equation with respect to time we obtain dq dt = C dv dt (2) where dq=dt i is a current, and the sign of v is a matter of convention. In physiology this second relation (2) is being used to describe how the membrane potential (v) is changed when ions move across the cell membrane. We observe that this equation also is being used in some models where one in addition keeps track of the charge (q) concentrations inside and outside the cell [10] . In those models voltage and charge are treated as independent dynamic variables: first one determines the voltage by integrating the membrane currents, then one determines the charge by integrating the same membrane currents.
The purpose of this paper is to point out that integrating the membrane currents once is enough. Voltage and charge cannot simultaneously be independent dynamical variables in a model, simply because of (1) .
In order to visualize the drawbacks of treating voltage and charge as independent variables, we explore numerically the nonlinear dynamics of three different models describing the pacemaker activity of the rabbit sinoatrial node. The procedure is as follows.
1) We integrate numerically the equations of motion for a sufficiently long time to detect a steady state. 2) We change the initial conditions and repeat 1). First, we demonstrate that the problem we address here is not seen in all existing models, but only in the some of the more recent models [10] that are believed to be more realistic. Indeed, when we investigate [3] , where the voltage is not a dynamic variable. Here we cannot select an initial voltage independently of the initial charge, and only one limit cycle is observed.
II. EXISTING MODELS
There are two main types of existing models of simple cardiac cellular elements as follows:
1) classical models, where membrane voltage and channel gating are dynamic variables; 2) recent models, where membrane voltage, channel gating, and ionic concentrations are dynamic variables. The classical models have been a subject of extensive investigation in recent decades [4] , [6] - [9] . We study a typical classical model, the Irisawa-Noma [5] model. There are seven variables in that model, the membrane voltage and six channel gating variables. We used the following initial conditions (dimensions omitted): 
We will determine whether the dynamics in the model is dependent of the initial conditions. To keep matters simple, we change only one initial condition: the initial fraction of open potassium gates (p); and we study the dynamics in two dimensions only: the phase space of v and p. In Fig. 1 we have displayed the simulation results with three different initial values of the gating variable of potassium p: (a), 0.01; (b), 0.1; and (c), 0.4. In Fig. 1(d) , the three initial conditions P 1 ; P 2 ; and P3 all give convergence toward the same limit cycle, simply because all the variables in that model are independent. The limit cycle in that model is thus independent of the initial conditions. This is typical for the classical models [6] .
In the recent model of Wilders et al. 
In Fig. 2(b) , the point P 1 denotes the v and [K] i coordinates of the initial conditions, and the closed loop at the bottom is the limit cycle.
The trajectory of the model is displayed in Fig. 2(a) where we observe that the model spirals downwards from the point P 1 to the limit cycle. If the limit cycle in Fig. 2(b) is unique it should be possible to reach it from other initial conditions. We select an initial condition below the limit cycle, and investigate whether the model spirals up toward it. We change the initial concentration of potassium from 140 to 130, leaving the 14 other initial conditions unchanged. The result is displayed in Fig. 3 . The model does not spiral upwards to the limit cycle in Fig. 2 , instead, the model spirals downwards to a different limit cycle. We observed a new limit cycle for each new initial value of [K] i, implying the existence of an infinite number of limit cycles. The model's fundamental flaw is clearly demonstrated.
III. A NEW MODEL
In a new model [3] of the pacemaker activity of the rabbit sinoatrial node, the membrane potential is determined by (1) 
In this model we first notice that [K] i, due to (6), is not independent of the voltage v. Thus changing [K] i changes v, as is always the case when charging a capacitor (1). Second we notice that a tiny change in [K] i corresponds to a large change in voltage v, since the constant F V =C is large in most situations (here F V =C 2 1 10 4 V/M).
In Fig. 4 we have displayed the simulation results from the model of Endresen et al. [3] with three slightly different initial values of [K] i (due to the large constant F V =C ): 130.650 (a), 130.655 (b), and 130.662 (c). In Fig. 4(d) the three initial conditions P 1 ; P 2 and P 3 all give convergence toward the same limit cycle. In an extensive numerical study we have not observed any physiological initial conditions that do not converge toward this limit cycle. In fact the same limit cycle can be reached when starting from the full equilibrium situation with equal intracellular and extracellular ionic concentrations [3] .
IV. DISCUSSION
We have displayed numerical results from three different mathematical models of the pacemaker activity in the rabbit sinoatrial node. The first model [5] has voltage and gating as dynamic variables, the second model [10] has voltage, gating and ionic concentrations as dynamic variables, and the third model [3] has gating and ionic concentrations as dynamic variables. The second model [10] is meant to be an improvement of the first model [5] in that one in addition to voltage and gating also wants to incorporate ionic concentration variations in the model. However, since voltage and charge (ionic concentrations) are closely related, we observe an infinite number of limit cycles in the second model. In order to avoid this drawback, membrane voltage (v) should not be a dynamic variable in models where the ionic concentrations are dynamic variables. Instead one should calculate the voltage using (1), or one should at least select the initial conditions in concord with (1) [3] .
